A general framework for the description of the physical properties of matter by a canonical reduction procedure of tensors is presented; besides geometrical symmetries, this paper emphasizes the role of intrinsic symmetries which are due either to the indiscernability of some of the physical quantities involved or to thermodynamical arguments. The intrinsic symmetries are expressed through the behaviour of the tensors describing the investigated property under the effect of some index permutation. The scheme of reduction of any tensor into parts that are irreducible not only with respect to rotations and inversion but also with respect to index permutations is shown and examples are given in the area of light-matter interaction.
INTRODUCTION
The interest in using an irreducible tensor formalism for describing the physical properties of condensed matter is well known. With such a formalism, for instance, there is easy writing of the selection rules imposed by the geometry of the system as well as the simplicity of performing such geometrical operations as the transformation from a microscopic frame to a macroscopic one. The reduction of a cartesian tensor into parts that are irreducible with respect to the orthogonal group or to a particular point-group, either in the cartesian or in the spherical formalism, has been systematically reviewed and many examples of the applications of that approach have been given (for examples see Reference 1 and bibliography therein).
Nevertheless, in most cases the decomposition of a rank-r cartesian tensor ...
ijk T
is not unique; alternative reduction schemes are possible whenever one can find in the decomposition results several linearly independent parts belonging to the same irreducible representation of the orthogonal group. For instance a rank-3 tensor ijk T has three mutually orthogonal vector parts; given such a triplet, any other tensor deduced from the former through a unitary transformation is also convenient. One thus may ask what is the best reduction scheme, i.e. the most suitable for a given physical problem; the aim of this paper is to clarify this point.
Any tensor may undergo two types of transformations; firstly, it may change the value (i.e. x or y or z) of the cartesian indices independently of their position (geometrical transformation); secondly, it may change the position of the cartesian indices independently of their value (intrinsic symmetry). Most often, physical effects have intrinsic symmetries which proceed either from the indiscernability of some among the quantities involved or from thermodynamical arguments, and the manifestation of those intrinsic symmetries is to affect the behaviour of the tensors associated with certain physical quantities under a class of index permutations. For instance, the second order electromagnetic susceptibility tensor (2) ( 2 , , ) ijk χ ω ω ω − describing second-harmonic generation is symmetric in the j-k permutation because of the indiscernability of the two fundamental fields; the third rank tensor ijk η which accounts for optical activity is antisymmetric in the permutation of its extreme indices i and k from a general property of the kinetic coefficients.
This gives the key of the problem: before decomposing a tensor into parts irreducible under geometrical operations, one first has to decompose it into parts irreducible under index permutations and to extract those which are compatible with the intrinsic symmetries of the studied effect 2 ; each of these latter parts can then be reduced under the three-dimension orthogonal group and ultimately under the particular point group of the system under investigation 3 .
Let T be any rank-r tensor; T will split under the permutation group of r objects ( ) r σ into a set of linearly independent rank-r tensors In the two following parts of this paper, we will present in more detail the two steps of this approach. The two last parts treat specific examples in the area of light-matter interaction: linear susceptibility, optical activity and magnetooptical effects, and nonlinear optical processes.
REDUCTION PROCESS, PERMUTATIONS
Whereas handling the irreducible representations of the three-dimension orthogonal group as well as those of the point groups is in current use in condensed matter physics, the properties of the irreducible representations of the permutation groups are far less well known and most often are only referred to in studies of the exchange of identical particles. The main results, which will be useful for the present study, are listed hereafter; for more details, the reader is referred, for instance, to References 4 and 5.
Considering the (non-commutative) permutation group of r objects ( ) r σ , any of the r! elements of ( ) r σ can be expressed as a product of pair permutations; all the properties of ( ) r σ can thus be derived from those of ( ) One can now return to the original problem of splitting a tensor into irreducible parts.
Given any group G of transformations within a N-dimension vector space E , the rank-r tensors subtend a tensor space numbers, it is easy to calculate, step by step, the explicit number of independent components for all the tensors irreducible under index permutations.
REDUCTION PROCESS, ORTHOGONAL GROUP
Henceforth N= 3 and each index i, j, k, ... will be given any of the three values
x, y, z. The number of independent components of a rank-2, 3, 4 tensor irreducible under index permutations is shown in Figure 4 . With the help of Figure 4 and using the composition rule of the irreducible representations of
one can obtain the reduction spectrum of any cartesian tensor. This recursive reduction process is summarized in Figure 5 , where a spectroscopic notation has been adopted for the irreducible tensor parts: an irreducible tensor part of δ or with the antisymmetric pseudo-scalar unit tensor ijk ε . Examples for rank-2 and rank-3 cartesian tensors will be given below.
The reduction spectrum of a cartesian rank-2 true tensor is The projector upon {3} is
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The representation { } 21 has two base vectors which we will write { } 
Hence the corresponding base vectors are C (see Table 1 ), and using 1 An example of that process will now be given for the 0 th irreducible components of a cartesian rank-2 and a rank-3 true tensor. The resulting expressions are given at a normalization factor which will be commented upon later. The reduction spectrum of a cartesian rank-2 true tensor is { } 
. The molecular selection rules in spherical coordinates for the most frequently encountered point groups are given for example in Reference 7.
EXAMPLES
We will now briefly examine four well-known optical effects, namely linear susceptibility, optical activity, magneto-optical effects, and nonlinear susceptibilities; we will assume that a dielectric medium undergoes an optical field described by the vector potential 
Linear Susceptibility
In the electric dipole approximation, the linear polarizability tensor A quantum-mechanical calculation provides the explicit expression of α :
with obvious notations and
In Table 2 the irreducible spherical components of α are expressed as combinations of the original cartesian components.
Optical Activity
Optical activity arises from the dependence of the dielectric polarization P upon the spatial variation of the electromagnetic field 4 : ...
and is described by a rank-3 cartesian tensor ijk η ; the light-matter scattering amplitude U is then proportional to ( ) . : 
In an isotropic or cubic medium where the pseudo quadrupole and the vector vanish, optical activity only arises from the pseudo-scalar term, which is entirely due to the magnetic dipole contribution; to our knowledge, the vector-type term, which is presumably very weak since it is the antisymmetric part of g , has not
been observed yet.
In Table 3 
Magneto-Optical Effects
In the presence of a strong static magnetic field, the dielectric polarization P at the frequency w can be expanded as a series of the applied magnetic field B 
γɶ is a rank-4 true tensor, symmetric in the permutation of its two extreme coefficients (a property of the kinetic coefficients) or its two middle indices (due to the indiscernability of the two magnetic fields), and accounts for quadratic magnetic birefringence (Cotton-Mouton effect); its reduction spectrum is
NONLINEAR OPTICS
The (r-1) th order dielectric polarization at the frequency 1 ω can be expanded as a series of the (r-1) incident electric fields at the respective frequencies 2 3 , ,..., r ω ω ω ( ) ( ) ( ) ( ) ( ) Moreover, if the dispersion is weak the susceptibility tensor must approximately be symmetric in any index permutation. Thus, in the transparency range of the medium, the dominant parts of the reduction spectrum are those which appear in the spectrum of a fully symmetric tensor of the same rank while the other ones are, presumably, small. As a consequence, in the general case, the fully symmetric parts include resonant and non-resonant terms whereas the other ones only contain resonant terms.
Three-Wave Mixing
The first hyperpolarizability tensor ( ) For instance, the fully antisymmetric pseudoscalar ( )
{1 }S 6
accounts for the mixing of three different frequencies in an optically active isotropic medium such as a solution of chiral molecules.
The electro-optical effect is described by the tensor ( ) (2) , 0,
, which is symmetrical in the permutation of its extreme indices from a time-reversal argument (unlike the magnetic field in the magneto-optic effect, the electric field is unchanged); the reduction spectrum of ( ) (2) , 0, The optical rectification effect is described by the tensor ( ) In Table 4 the irreducible spherical components of ( ) 
Four-Wave Mixing
The second hyperpolarizability tensor ( ) Since only the isotropic parts (J = 0) of (3) χ do not vanish, one deduces the following selection rules: if all the e are parallel to each other, one can only observe the fully symmetric part of (3) χ ; conversely if p e is circularly polarized and if i e and s e are linearly cross-polarized, one will only detect the non-fully-symmetric term.
CONCLUSION
We have emphasized the importance of index permutations in the reduction of cartesian tensors with respect to the orthogonal group and its subgroups. First the intrinsic symmetries of the physical effect under investigation must be considered; these symmetries are associated in the representative tensors with some index permutation symmetries which cause some of the tensor parts, those that are irreducible under the permutation group, to vanish. The remaining parts can be reduced under the orthogonal group. Taking into account the effects of point-group invariances upon tensors constitutes the ultimate step of the process.
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